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Charm Quark Energy Loss In Infinite QCD Matter Using a Parton Cascade Model
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We utilize the Parton Cascade Model to study the evolution of charm quarks propagating through
a thermal brick of QCD matter. We determine the energy loss and the transport coefficient ’qˆ’ for
charm quarks. The calculations are done at a constant temperature of 350 MeV and the results are
compared to analytical calculations of heavy quark energy loss in order to validate the applicability
of using a Parton Cascade Model for the study of heavy quarks dynamics in hot and dense QCD
matter.
I. INTRODUCTION
Relativistic heavy ion collision at RHIC and the LHC
have given rise to a new phase of matter. When two
heavy ions collide, a system of deconfined gluons and
quarks within a very small volume is created. The initial
energy density within this volume is found to be on the
order of 30 GeV/fm3. This state of matter as we know
today is called quark gluon plasma [1, 2]. The study of
QGP is particularly important as it aims to produce a
condition which resembles the period when universe was
only a few microseconds old. However, since this exotic
system created in the experiments exists only for a very
short period of time and is not directly observable, only
signals originating from the matter itself that survive and
are measured after the collisions can provide a window
into the nature of the QGP [3, 4].
One of the prominent signatures coming out of the
QGP phase is jet quenching: High momentum hadron
spectra are observed to be highly suppressed relative to
those in proton on proton collisions [5, 6], suggesting a
quenching effect due to deconfined matter. A similar ef-
fect is observed for high pT charm or beauty quarks with
most recent results showing suppression of D or B mesons
to same order as that of light partons [7]. Calculations
from hydrodynamics also give a rough estimate of the
ratio of thermalization time for heavy quarks and light
partons [8],
τQ
τq/g
∼ MQT . For MQ = 1.35–4.5 GeV and
T = 300 MeV, this ratio is found to be∼ 5 and suggests
that relaxation time for heavy quarks is larger than that
of light quarks and gluons. If thermalization time, τq/g, is
taken to be O(1fm/c), and if equilibrium temperature, Ti
and freeze-out temperature, Tf are taken as 300 MeV and
170 MeV [9] respectively, then the lifetime of the QGP
can be approximately shown to be 5 fm/c. This might
imply that the heavy quark relaxation time for T= 300
MeV is comparable to the QGP lifetime at this condition.
Even if the heavy quark is subjected to large suppres-
sion [7], it may not fully thermalize in the QGP. Overall,
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the study of heavy quark dynamics is slowly emerging
as one of the most active fields of research in heavy ion
collision physics.
Various theoretical calculations and phenomenological
models of heavy quarks energy loss have appeared in
recent years [10]–[15]. Elastic scattering and inelastic
gluon emission are the major mechanisms by which a
heavy quark may lose energy in the presence of a ther-
mal medium. In most of these earlier works, collisional
energy loss seems to dominate in the lower momentum
region while radiative energy loss emerges as the chief
mechanism for higher momenta charms.
Transport models attempt to fully describe the dynam-
ics of the time-evolution of a heavy ion collision. The
Parton Cascade Model is one such model [16–18]. It is
based on the Boltzmann Equation and does not include
any equilibration assumptions. However the calculations
must be well calibrated and validated under controlled
conditions before utilizing them for meaningful predic-
tions. Performing this validation for the medium evolu-
tion of heavy quarks is the purpose of this work.
II. PARTON CASCADE MODEL
The Parton Cascade Model VNI/BMS [19–21] forms
the basis for our present study. This model can be used
to study the full time evolution of hard probes in a ther-
mal QCD medium. The PCM has been used to study
gluons and lighter quarks as hard probes of the QGP. In
the current work we use VNI/BMS to study the evolu-
tion of charm quarks in an infinite QGP medium for the
first time. The purpose of this study is to provide a ver-
ifiable benchmark calculation to validate the model and
subsequently apply it to the more complex and dynamic
regime of a heavy-ion collision.
The infinite QGP medium is modeled by taking a box
of finite volume with periodic boundary conditions. This
provides a system of infinite matter at fixed temperature.
The matter inside the box consists of thermalized quarks
and gluons (QGP) which are being generated using ther-
mal distributions at a given temperature and zero chem-
ical potential. We insert a charm quark with the four
momentum pµ = {0, 0, pz, E =
√
p2z +M
2
c }, into the box
and let it evolve according to the Relativistic Boltzmann
2Equation given by,
pµ
∂Fk(x, ~p)
∂xµ
=
∑
processes:i
Ci[F ], (1)
where Fk(x, ~p) is the single particle phase space distri-
bution and the collision term on r.h.s. is a non-linear
functional of phase space distribution terms inside an in-
tegral.
We have included the matrix elements for all 2 → 2
binary elastic scattering processes for charm interaction
with gluons or light quarks(u, d, s) and 2→ n process for
radiative (brehmsstrahlung) corrections after each scat-
tering.
A. Elastic scattering of charm quark
The elastic processes included are
cg → cg, (2)
cq(q¯)→ cq(q¯).
The corresponding differential scattering cross section is
defined to be,
dσˆ
dQ2
=
1
16π(sˆ−M2c )2
∑
|M|2. (3)
The total cross section is also calculated and used in the
calculations to select interacting pairs. The total cross
section can be shown to be,
σˆtot =
∑
c,d
∫ sˆ
p2Tmin
(
dσˆ
dQ2
)
ab→cd
dQ2. (4)
The invariant transition amplitudes, |M|2 for elastic
scattering which can be calculated or obtained from [22],
are shown below for q(q¯)c→ q(q¯)c ,
∑
|M|2 = 64π
2α2s
9
(M2c − uˆ)2 + (sˆ−M2c )2 + 2M2c tˆ
(tˆ− µ2D)2
.
(5)
While, for gc→ gc,
∑
|M|2 = π2α2s[g1 + g2 + g3 + g4 + g5 + g6] ,
g1 = 32
(sˆ−M2c )(M2c − uˆ)
(tˆ− µ2D)2
,
g2 =
64
9
(sˆ−M2c )(M2c − uˆ) + 2M2c (sˆ+M2c )
(sˆ−M2c )2
,
g3 =
64
9
(sˆ−M2c )(M2c − uˆ) + 2M2c (M2c + uˆ)
(M2c − uˆ)2
,
g4 =
16
9
M2c (4M
2
c − tˆ)
(sˆ−M2c )(M2c − uˆ)
,
g5 = 16
(sˆ−M2c )(M2c − uˆ) +M2c (sˆ− uˆ)
(tˆ− µ2D)(sˆ−M2c )
,
g6 = −16(sˆ−M
2
c )(M
2
c − uˆ)−M2c (sˆ− uˆ)
(tˆ− µ2D)(M2c − uˆ)
. (6)
In order to regularize the cross sections we have used
the thermal mass of QGP medium which is defined as µD
=
√
(2Nc +Nf )/6gT , where g =
√
4παs and αs is the
strong coupling constant. Nf , no. of flavours and Nc, no.
of colours are taken 4 and 3 respectively. We have kept
αs=0.3 fixed for the entire calculation. While the PCM
has the capability of using a running or temperature-
dependent coupling constant, keeping it a fixed value al-
lows us to easily compare our calculations to analytic
expressions for the same quantities, which is the main
purpose of the present work.
The Boltzmann transport equation is then solved nu-
merically via Monte Carlo algorithms, a geometric in-
terpretation of the cross section is used to select which
collisions will occur.
B. Charm Quark Radiation
It is known that collisional loss alone is unable to
explain the data showing suppression of D mesons at
LHC [23]. On the one hand, the hard thermal loop(HTL)
approximation [24, 25] predicts a large drag on heavy
quarks which is much bigger than what experimental
data has suggested, while the radiative corrections to
heavy quark energy loss when combined with elastic scat-
tering are able to explain the results agreeably [23].
In our calculations, radiative corrections are included
in form of time-like branching of the probe charm into
a final charm and a shower of radiated partons using
Altarelli-Parisi(AP) splitting function [26]. The basic
idea is that during a binary scattering the outgoing par-
tons may acquire some virtuality. These partons are al-
lowed to radiate a shower of partons until their virtuality
decreases to some preassigned cutoff value, µ20 (≈M2c for
charm quarks).
Any quark subjected to multiple collision may ra-
diate a shower of partons as has been discussed ear-
lier [27–29]. However emission of multiple partons within
a certain length scale may lead to a reduction of the
3bremsstrahlung cross-sections which we can briefly dis-
cuss here. This reduction in emitted gluon spectrum
is known as Landau Pomeranchuk Migdal (LPM) ef-
fect [30]. This arises from the fact that if the formation
time of an emitted gluon after a Qq(Qg) scattering is
larger than the typical mean free path of the heavy quark
itself, then a gluon emitted from the next scattering cen-
tre may interact coherently with the initial gluon. This
interference of emitted gluons may continue if there are a
number of scattering centres before the shower of gluons
dissociates itself completely from the emitting parton.
Radiative energy loss via the LPM effect has previously
been calculated for heavy quarks by [31, 32]. The LPM
effect in radiative corrections to charm quark energy loss
has been utilized to describe the observed suppression of
single non-photonic electrons [13].
In the PCM, the LPM effect has been implemented
using a MC algorithm [33] first proposed by Zapp and
Wiedemann [34]: This method is particularly appealing
since it requires no artificial parametrization of the radia-
tive process, it is a purely probabilistic medium induced
modification.
After the production of a parton shower via an in-
elastic collision, the hardest radiated gluon is selected to
represent the shower as the probe and re-interact with
the medium. This reflects the dominance of the gluon
rescattering in the interference process. The formation
times
τ0f =
∑
branchings
ω
k2⊥
, (7)
for each branching during the parton shower leading up
to the production of the probe gluon are summed. The
heavy quark is allowed to propagate through the medium
and rescatter elastically during this time, the remainder
of the partons from the radiation event propagate spa-
tially but may not interact. Each time the probe gluon
rescatters its formation time is recalculated as
τnf =
ω
(k⊥ +
∑n
i=1 q⊥,i)
2
. (8)
this simulates the emission of the shower from n centers
which transfer their momentum coherently. After this
formation time expires the radiation is considered to have
separated from the initiating heavy quark and all partons
may once again interact and radiate.
III. RESULTS AND DISCUSSION
In our calculations we have set the strong coupling con-
stant to a fixed value of αs = 0.3 to allow comparison
with analytical calculations and other transport mod-
els. The temperature is set to T=350 MeV, which is
roughly the average temperature of the QGP phase at-
tained at RHIC energies. The mass of charm is taken as
Mc = 1.35 GeV. For future applications of our model to
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FIG. 1: (Color online)Energy loss for different initial charm
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FIG. 2: (Color online)Energy profile for 16 GeV charm for
different time
nucleus-nucleus collisions we shall use a running coupling
constant instead.
In Fig: 1, we show energy loss,’∆E’, of charm quark
over a given path length(L ∼ 5fm) as a function of its
initial energy. For discussions on path length dependence
of energy loss evolution, other figures in this paper will
be referred next.
We may now return to Fig: 1 for detailed discussions.
The loss due to elastic scattering, radiation and total loss
are shown separately in the same figure. We may ob-
serve that collisional loss dominates over radiation up to
7− 12 GeV of initial charm energy, and beyond this en-
ergy regime, charm quark radiation dominates and con-
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FIG. 3: (Color online)Energy of probe charm with distance
traveled for elastic scattering only
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FIG. 4: (Color online)Energy of probe charm with distance
traveled for radiative energy loss only
tributes more towards the energy loss. However the radi-
ation too appears to decrease for very high energy charms
which may be the factor behind the decrease in charm
quark suppression in high momentum regions. With in-
creasing initial energy of the charm quark, the rise in
energy loss(both collisional and radiative) over the 5 fm
length appears to level off – we can see this in partic-
ular prominent for elastic energy loss. We feel that as
momentum of charm increases, the average no. of elastic
scattering tends to saturate so that the collisional en-
ergy loss tends to saturate. But let us recall that in
our case, radiation takes place only after elastic scatter-
ing, and as the no. of scattering saturates ultimately,
so does the radiative loss for very high energy charm
quarks. This particular trend may be reflected in the
decrease of nuclear suppression factor, RAA, of heavy
quark in the final heavy meson spectra at high momen-
tum region [7]. Our findings are consistent with e.g. [8],
where it was discussed that for small coupling, αs, col-
lisional loss tends to dominate for low and intermediate
energy charm(for γvQ ∼ 1 , γ = (1 − β2)−1/2) while for
higher energetic heavy quarks we have bremsstrahlung
(for γvQ ∼ 1/g , g =
√
4παs) dominating over collisional
energy-loss. Other discussions on the topic are given
in [35].
In Fig: 2 we show the energy profile of a 16 GeV
charm after several time intervals of propagation through
the thermal medium. Here P (E) can be defined as
= 1N
dN
dE . The energy loss due to collisional and col-
lisional+radiative processes is shown separately in the
same figure. The collisional loss (upper panel) shows a
shift in the position of the peak with long tail like struc-
ture extending towards the low energy regions. A recent
study of charm quark energy profile using a Langevin
equation along with a hydrodynamical background has
instead shown a more Gaussian like distribution [36].
Some other discussions on the differences between Boltz-
mann and Langevin equations for heavy quark dynamics
are also given in [36]. Additionally we find that inclu-
sion of radiative corrections brings about a significant
change in the profile and indicates that for high energy
charm quarks the effect of radiative loss is much greater
than collisional loss, with the bulk of of 16.0 GeV charm
quarks ultimately shifting to very low energy(< 2.0 GeV)
regions after 10 fm.
Next we study the evolution of charm quark energy
as a function of distance traveled through the medium
in Fig: 3 and Fig: 4. The calculation uses two differ-
ent initial energies (16 GeV and 50 GeV respectively)
for charm. Collisional loss and radiative loss are shown
in these two figures separately – the radiative energy-loss
figure was obtained by subtracting the elastic energy-loss
calculation from the full calculation that included colli-
sional+radiative energy-loss. We would like to elucidate
the fact that these two diagrams show energy of charm
quark after each ’fm’ of path length traversed and shows
the path length behaviour of charm quark. These plots
may be used to give the total energy loss of charm for
comparison to Fig: 1.
Now let us discuss Figs. Fig: 3 and Fig: 2 in detail. The
curves for the 50 GeV charm quarks show a clear dis-
tinction between the radiative and collisional energy-loss
mechanisms: whereas the collisional energy-loss shows
initially a linear behavior, the radiative energy-loss leads
to a much stronger, near quadratic, fall-off in the en-
ergy for the first 20 fm/c. For the charm quarks with an
initial energy of 16 GeV the differences are far less pro-
nounced, but even here a ratio between the two curves
would yield interesting differences. For both cases, we
compare our results to analytical calculations of dE/dx.
For collisional loss we have used an analytical form by
5Peshier and Peigne [37] which can be written as:
dE
dx
=
4πα2sT
2
3
[(
1 +
Nf
6
)
.
ln
Ep(x)T
µ2D
+
2
9
ln
Ep(x)T
M2c
+ c(Nf )
]
(9)
Both for our PCM calculation as well as for the an-
alytical expression we have used the following values
for the parameters in order to compare the two. They
are: a medium temperature of T= 350 MeV (applica-
ble for RHIC-QGP system), a charm mass of Mc=1.35
GeV, no. of flavours and colours, Nf=4, Nc=3, a fixed
coupling strength of αs = 0.3, and a screening mass
µD =
√
(2Nc +Nf )/6gT . We find that for the above set
of parameters, the PCM results show good agreement to
the predictions from the analytical expression, validating
our computational setup and approach.
Next we move over to results on charm quark radiative
energy loss Fig: 4. The radiative energy loss is compared
to an analytical calculation by R. Abir et al [38] shown
below:
dE
dx
= 24α3s
(
ρq +
9
4
ρg
)
1
µg
(1− β1)
×
(
1√
(1− β1)
[log (β1)
−1
]1/2 − 1
)
F(δ)
where
F(δ) = 2δ − 1
2
log
(
1 +M2c e
2δ/s
1 +M2c e
−2δ/s
)
− M
2
c cosh δ/s
1 + 2M2c cosh δ/s+M
4
c /s
2
,
δ =
1
2
log

 log β−11
(1− β1)
(
1 +
√
1− (1− β1)
1/2
[log β−11 ]
1/2
)2 ,
s = E2(1 + β0)
2 , β1 =
g2
C
T
E
, β0 = (1−M2c /E2)1/2 ,
C =
3
2
− M
2
c
4ET
+
M4c
48E2T 2β0
log
[
M2c + 6ET (1 + β0)
M2c + 6ET (1− β0)
]
(10)
As in the elastic energy-loss case, we have used identi-
cal values for parameters in the PCM calculation and in
the analytic case, such as T =350 MeV, Mc= 1.35 GeV,
αs= 0.3, Nf= 4, Nc= 3 and µD =
√
(2Nc +Nf )/6gT .
Note, however, that the calculations of [38] is carried
out in the Bethe-Heitler limit of radiative energy loss with
the effects of the dead-cone formalism being explicitly in-
cluded in the calculation. The authors of [38] state that
the LPM effect if added would only affect a marginal
change in the final gluon emission spectrum which is
clearly not what our results suggest. The PCM sim-
ulation explicitly takes the LPM effect into account as
discussed in the previous sections. We do find that our
simulation results for coherent gluon emission of charm
quarks agrees reasonably well to that of the analytical
calculation upto x = 5–6 fm, supporting the claim that
modifications to the heavy-quark emission spectrum due
to the LPM effect for this particular medium length, are
modest. For x > 6 fm, however, the simulation result in-
volving LPM effect and analytical curve in the BH limit
move apart from each other. When we change the en-
ergy of charm probe, Ec, from 16 GeV to 50 GeV, the
differences between BH and LPM radiative mechanisms
increase and become more profound and visible. This
may be indicative of the rising importance of the coher-
ent gluon emission effects at higher charm quark energies.
We would also like to highlight our choice of parameter,
Nf= 4, which introduces an 10% uncertainty in the to-
tal interaction cross-section assuming that the medium
partons in our calculations are massless.
Overall we are confident that the comparison and
agreement between PCM and the analytical calculations
validates the PCM approach to heavy-quark energy loss
and allows us to utilize the PCM for observables and
calculations that are beyond the scope of analytical ap-
proaches, e.g. in the rapidly evolving non-equilibrium
domain of ultra-relativistic heavy-ion collisions.
Next let us move over to our calculation of transverse
momentum broadening per unit length of charm quarks
also known as the transport coefficient qˆ [39, 40]. In
other words 〈qˆ〉 is a jet-quenching parameter calculated
as a measure of momentum broadening within various
energy loss models. Also the term ’transverse’ refers to
the direction perpendicular to the original direction of
propagation and consequently for a jet of partons in the
medium, the average or mean momentum of the jet re-
mains unchanged while the momenta of each parton show
broadening resulting in the redistribution of the trans-
verse momentum spectrum of the jet partons. Some re-
cent calculations have suggested values of this coefficient
ranging from 0.5–20 GeV2/fm [41] for light quarks. For
heavy quarks, it was calculated in [42] which showed the
value of qˆ ∼ 0.3–0.7 GeV2/fm. More detailed discussions
and recent results on qˆ of partons and heavy quarks can
be found in [43, 44].
Generally, the transport coefficient qˆ can be defined as:
d(∆p2T )
dx
= qˆ = ρ
∫
d2q⊥q
2
⊥
dσ
d2q⊥
(11)
where dσd2q⊥ is the differential scattering cross-section of
Q with medium quarks and gluons. In case of a Monte
Carlo simulation this definition can be rewritten as:
qˆ =
1
lx
Ncoll∑
i=1
(∆pT,i)
2 (12)
For T = 350 MeV and the probe charm energy of
16 GeV, we find qˆ to be 1.2 GeV2/fm with an uncertainty
6of ±0.2 GeV2/fm, while for charm energy of 50 GeV qˆ is
calculated to be 1.1 GeV2/fm with ±0.3 GeV2/fm uncer-
tainty. Due to the rather large statistical uncertainty in
our qˆ extraction, we cannot make any statements regard-
ing the energy-dependence of qˆ at this time. Our results
do suggest a range of values for qˆ somewhere between
1–1.5 GeV2/fm for the RHIC system.
In future studies, we will extend our work to the
temperature dependence of the transport coefficient and
energy-loss as well as to the heavy-quark energy depen-
dence of these quantities. The ultimate goal of course
will be the application of the PCM to heavy quark ob-
servables in ultra-relativistic heavy-ion collisions at the
LHC.
IV. SUMMARY
The present work aims to validate the applicability of
the Parton Cascade Model for the description of heavy
quark evolution in a partonic medium. We have calcu-
lated collisional and radiative energy loss of heavy quarks
in an infinite medium at fixed temperature and find good
agreement between the PCM and analytical calculations
for elastic energy loss, but some discrepancies regarding
radiative energy loss, which can be understood in terms
of the approximations made in the analytical calcula-
tions. This is a first important step towards applying the
PCM to the production and evolution of heavy-quarks
in a QGP, as produced in collisions of ultra-relativistic
heavy-ions at RHIC and LHC.
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